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Abstract 

We obtain new sharp isoperimetric inequalities on a Riemannian manifold equipped 
with a probability measure, whose generalized Ricci curvature is bounded from be- 
low (possibly negatively), and generalized dimension and diameter of the convex 
support are bounded from above (possibly infinitely). Our inequalities are sharp 
for sets of any given measure and with respect to all parameters (curvature, di- 
mension and diameter). Moreover, for each choice of parameters, we identify the 
model spaces which are extremal for the isoperimetric problem. In particular, we 
recover the Gromov-Levy and Bakry-Ledoux isoperimetric inequalities, which state 
that whenever the curvature is strictly positively bounded from below, these model 
spaces are the n-sphere and Gauss space, corresponding to generalized dimension 
being n and oo, respectively. In all other cases, which seem new even for the classi- 
cal Riemannian- volume measure, it turns out that there is no single model space to 
compare to, and that a simultaneous comparison to a natural one parameter family 
of model spaces is required, nevertheless yielding a sharp result. 

1 Introduction 

Let (M n ,g) denote an n-dimensional (n > 2) complete oriented smooth Riemannian 
manifold, and let [i denote a probability measure on M having density \& with respect 
to the Riemannian volume form vol g . 

Definition (Generalized Ricci Tensor). Given q G [0, oo] and assuming that ^ > and 
log(^) 6 C 2 , we denote by Ric g ^ )q the following generalized Ricci tensor: 

Ric g ,y, q := i?ic s -V*log(*)-~V>g(#)<g>V ff log(#) (1.1) 

When q = oo, the last term in M.l}) is interpreted as 0, whereas when q = 0, this term 
only makes sense if \£ is constant, in which case Ric 9i \iifi := Ric g . Here as usual Ric g 
denotes the Ricci curvature tensor and V g denotes the Levi-Civita covariant derivative. 
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Definition (Curvature-Dimension-Diameter Condition). (M n ,g,p) is said to satisfy the 
Curvature-Dimension-Diameter Condition CDD(p,n + q,D) (p G R ; q G [0, oo], D € 
(0, oo],), if p is supported on the closure of a geodesically convex domain Q <Z M of 
diameter at most D, having (possibly empty) C 2 boundary, p = ^ -vol g \Q with $ > on 
f2 and log( x I / ) G C 2 (Q), and as 2-tensor fields: 

RiCg,'i>,q > P9 on Q . 

When SI = M and D = +oo, the latter definition coincides with the celebrated 
Bakry-Emery Curvature-Dimension condition CD(p,n + q), introduced in an equivalent 
form in [3] (in the more abstract framework of diffusion generators). Indeed, the gener- 
alized Ricci tensor incorporates information on curvature and dimension from both the 
geometry of (M,g) and the measure p, and so p may be thought of as a generalized- 
curvature lower bound, and n + q as a generalized-dimension upper bound. The gener- 
alized Ricci tensor (jl.ip was introduced with q = oo in [43|. E] and in general in [2] (the 
equivalent form (jl.2p was noted in [35]), and has been extensively studied and used in 
recent years (see e.g. also [58j H3 EH ESI El EH S6j E3 E3] and the references therein). 

In this work, we obtain a sharp isoperimetric inequality on (M n ,g,p) under the 
CDD{p,n + q, D) condition, for the entire range of parameters p G R, q G [0, oo], 
D G (0, oo], in a single unified framework. In particular, for each choice of parameters, 
we identify the model spaces which are extremal for the isoperimetric problem. Our 
results seem new even in the classical constant-density case (q = 0) when p < and 
D < oo or when p > and D < it\J (n — l)/p. We start by recalling the notion of an 
isoperimetric inequality in a general measure-metric space setting and some previously 
known results. 

1.1 Isoperimetric Inequalities 

Let (O, d) denote a separable metric space, and let p denote a Borel probability measure 
on (O, d). The Minkowski (exterior) boundary measure p + {A) of a Borel set A C f2 is de- 
fined as p+(A) := liminf e ^o , where A e = A* := {x G O; 3y G A d(x,y) < e} 
denotes the e extension of A with respect to the metric d. The isoperimetric profile 
X = I(fl,d,p) is defined as the pointwise maximal function X : [0, 1] —> R+ U {+oo}, 
so that p + (A) > I(p(A)), for all Borel sets A C Q. An isoperimetric inequality mea- 
sures the relation between the boundary measure and the measure of a set, by providing 
a lower bound on I(£l,d,p) by some (non-trivial) function / : [0,1] — > R+. In our 
manifold-with-density setting, we will always assume that the metric d is given by the 
induced geodesic distance on (M,g), and write I = I(M, g, p). 

When (f2, d) = (R, | • |), we also define i° = X^R, |-| , p) as the pointwise maximal 
function X b : [0,1] -)• R+ U {+oo}, so that p + {A) > X\p(A)) for all half lines A = 
(— oo,a) and A = (a, oo) (the difference with the function X being that the latter is 
tested on arbitrary Borel sets A). Obviously i" > X, and a result of S. Bobkov |13|. 
Proposition 2.1] asserts that = X when p = f(x)dx and / is log-concave, meaning 
that - log(/) : R -> R U {+00} is convex. 
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When p > 0, sharp isoperimetric inequalities under the CD(p,n + q) condition are 
known and well understood, thanks to the existence of comparison model spaces on 
which equality is attained. The first such result was obtained by M. Gromov in [31] 
(reprinted in [32], Appendix C]), extending P. Levy's isoperimetric inequality on the 
sphere [121 [60], in the constant density case (q = 0). Setting p, g = vol g /vol g (M), 
the Gromov-Levy isoperimetric inequality states that if Ric g > pg with p > 0, then 
I(M,g, n g ) > "t" (R, | • | , Mn,p) j where p n ^ p denotes the probability measure supported 
on [0, 7r 'y/ (n — l)/p] with density proportional to sin(yp/(n — l)t) n ~ 1 . In particular, 
by testing geodesic balls on (S n ,gcan), the n-dimensional sphere with Ricci curvature 
equal to p, it follows that I(S n , gcan, P g p an ) = 2/(R, |-| ,Pn,p), recovering the classical 
isoperimetric inequality on the sphere. The case when q = +oo was treated by Bakry 
and Ledoux [4] (see also Morgan [52J for a geometric derivation), who showed that if 
(M,g,p) satisfies the CD(p, oo) condition with p > 0, then I(M,g,p) > X (R,|-| ,7i), 
where 7^ denotes the standard Gaussian density on M. k with covariance matrix p~ l Id, 
and |-| denotes the standard Euclidean metric on M. k . In particular, this recovers the 
isoperimetric inequality of Sudakov and Tsirelson [62] and independently Borell |19j . 
stating that Z(R n , |-| ,7™) = i"(M., |-| ,7^). An extension of these results to q G (0, 00) 
when p > was subsequently obtained by Bayle in [9] Appendix E]. 

When p < 0, the situation is very different, and without requiring some additional 
information on the space (M, g, p), no isoperimetric inequality can be deduced under the 
CD(p,n + q) condition (in the sense that I(M,g,p) can be arbitrarily small). Various 
types of information have been considered in the literature. In [21 1, Buser considered the 
existence of a spectral-gap in the constant-density (q = 0) case; this was later extended 
to the q = 00 case by Ledoux [41], and generalized to other Sobolev type inequalities 
(e.g. [5 ill ST]). Various authors (e.g. [651 E3 H i9]) considered an integrabil- 
ity condition of the form f M exp(f3(d(x, xo)))dp(x) < 00 for some (any) fixed x$ £ M, 
primarily for the case f3(r) = 5r p (p > 1). In [481 4"9], we considered concentration 
inequalities, and showed that under the CD(p, 00) condition, these imply isoperimetric 
inequalities which are essentially best possible, up to dimension independent constants. 
But perhaps the most classical assumption from the view point of Riemannian Geometry 
is an upper bound on the diameter, which is a particular case of the integrability and con- 
centration assumptions mentioned above. By considering domains O with bottlenecks, 
it is immediate to see that again no isoperimetric inequality can be deduced in general, 
and so requiring that SI be geodesically convex (see Section [2] for a precise definition) 
is a natural assumption; furthermore, this amounts to the natural requirement that the 
metric space (Q,d), where d is the induced geodesic distance on (M,g), be a geodesic 
space. We thus arrive at the CDD(p, n + q, D) condition. 

Various isoperimetric inequalities assuming CDD(p, n + q,D) with SI = M and D < 
00 have been obtain for the classical constant density case q = in |23|. [TT| I27j . In 
particular, when p > and D < t\\J (n — 1) / p, Croke [23] and Berard-Besson-Gallot 
|llj obtained improvements over the Gromov-Levy inequality. Some of these results 
were extended to q > by Bayle in [9]. 
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However, with the exception of the known results under the CD(p,n + q) condition 
when p > 0, none of the above mentioned results yield sharp isoperimetric inequalities. 
Moreover, most known results fail to capture the behavior of X(v) for v G (0, 1/2] close to 
and away from simultaneously, and miss the optimal inequality by dimension dependent 
factors. The difficulty when p < lies in that there does not seem to be a single model 
space to compare to, as in the Gromov-Levy or Bakry-Ledoux results. The purpose 
of this work is to fill this gap, providing a sharp isoperimetric inequality under the 
CDD(p,n + q, D) condition in the entire range p G R, q G [0,oo], D G (0,oo], in a single, 
unified framework. 



1.2 Results 

Given 5 G R, set as usual: 



s s (t) :-- 



sin 



(Vst)/Vs 



< s'mh(^/^5t)/^ 



5>0 
5 = 
^ 5 < 



cs(t) :-- 




Given a continuous function / : R — >- R with /(0) > 0, we denote by /+ : R — >• R_|_ 
the function coinciding with / between its first non-positive and first positive roots, 
and vanishing everywhere else, i.e. /+ := /%_ f + i with £_ = sup{£ < 0; /(£) = 0} and 
£ + = inf{£>0;/(£) = 0}. 

Definition. Given H,p G R and m G [0,oo], set 5 := p/m if m > anc? define the 
following (Jacobian) function of t G R: 



JH,p,m(t) := < 



{t=o} 

{fft>0} 



Mt) + g*,(t)): 

exp(i/t - ft 2 ) 



m = 0, p > 
= 0, p < 
m G (0, oo) 
m = oo 



ft 2 + o(<5) and s s (t) 



r ^v"; allKJ - — * + °(<^) as 

A direct calculation also verifies that 



Remark 1.1. Observe that since cs(t) = 1 - 
5 ->• 0, it follows that limm^oo J^.p.m = Jh, p ,oo 
lim m ^o+ JH,p,m = Jh,p,o- Also observe that when m > (and with the usual interpre- 
tation when m = oo), JH,p,m coincides with the solution J to the following second order 
ODE, on the maximal interval containing the origin where such a solution exists: 



1 



(logJ)"-_((l og J)') 2 = -m 



m 



p , J(0) = 1 , J'(O) = H . 



The connection to (jl.ip and (jl.2p is evident. 



Lastly, given a non-negative integrable function / on a closed interval L C R, we 
denote for short I(f,L) := X(R, |-| ,^/), where /i/ is the probability measure supported 
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in L with density proportional to / there. Similarly, we set T/(f,L) := 2/(R, |-| ,Pf). 



Theorem 1.2. Let (M n ,g,p) satisfy the CDD(p,n + q, D) condition with p £ R ; q € 
[0,oo] and D £ (0, +00]. Then: 



where the infimum is interpreted pointwise on [0, 1]. 

Remark 1.3. We employ throughout the convention 00 — 00 = —00 + 00 = 00 and 

[—00, 00] = R. 

In fact, the X above may be replaced by X, leading to the same lower bound (see 
Corollary 13. 3 [) . and the infimum above is actually always attained (see Corollary IA.3j) . 
The bound (II. 3D was deliberately formulated to cover the entire range of values for p, n, 
q and D simultaneously, indicating its universal character, but it may be easily simplified 
as follows (the elementary proof is deferred to Section [4]) : 

Corollary 1.4. Under the same assumptions and notation as in Theorem and 
setting 5 := n+ p q _i , we have: 

Case 1 - g < 00, p > 0, D < n/V5: 




X(M,g,p) > 



inf 

H eR,a£ [D-D,D] 



1 (JH,p,n+q-l, D - a}) 



(1.3) 



X(M n ,g,p,) > 



inf 




Case 2 - 



< 00, p > 0, D > ir/V5: 




Case 3 - q < 00, p 



0, D < 00: 



X(M n ,g,p)(v) > 



mfX\t n+ ^\lt£ + D})(v) 



n+g — 1 

n + q (min(?;, 1 — v)(^ + l) n+ i + maxfu, 1 — v)^ n+q ) n +i 

mf ; r 1 : 

D £>o (£ + l) n +« - £ n+q 



e [0, 1] . 



Case 4 - q < 00, p < 0, D < 00: 




inf c > Z b (sinh(v / ^r +( '- 1 , [£,£ + D}) 
X b (exp( v /Z ^(n + q- l)t), [0, D}) 
inf 56K Z b (cosh( y/=5t ) n+ «- 1 , [£, e + D] ) 
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Case 5 - q = oo, p / 0, D < oo: 

l(M\g,p) > infZ b (exp(-^ 2 ), [£,£ + £]) • 

Case 6 - q = oo, p > 0, D = oo: 

l(M n ,g,p,) >X b (e X p(-^ 2 ),M)=T b (]R,|-|,7 1 p ) • 

Case 7 - q = oo, p = 0, D < oo: 

Z{M n ,g,p){v) > MT\ex V (Ht),[0,D))(v) 

= — inf (min(u, 1 — u ) + u;) log(l + G [0, 1] . 

D ui>o 

In oZZ i/ie remaining cases, we have the trivial bound I(M n , g, p) > 0. 

Note that when q is an integer, l\sm(VSt) n+q -\[0,TT/V6]) = l(S n+q , g§ a n, figpj 
by the isoperimetric inequality on the sphere, and so Case 2 with q = recovers the 
Gromov-Levy isoperimetric inequality |31j stated earlier; for general q < oo, Case 2 was 
obtained by Bayle [9 } Theorem 3.4.18]. Case 6 recovers the Bakry-Ledoux isoperimetric 
inequality [U [52]. To the best of our knowledge, all remaining cases are new. A non- 
sharp version of Case 7 (with a strictly worse numerical constant) may also be deduced 
from our results in [49] . To illuminate the transition between Cases 1 and 2, note that if 
(M n ,g,p) satisfies the CD(p,n + q) condition with p > 0, the diameter of M is bounded 
above by ir/y/5: when q = this is the classical Bonnet-Myers theorem (e.g. [28])) which 
was extended to q > by Qian [58]; these bounds also easily follow from our proof. 

The main justification for considering the bounds given in Theorem 1 1 . 2 1 and Corollary 
PI is: 

Theorem 1.5. For any n > 2, p G M, q E [0, oo] and D G (0,oo], the lower bounds 
provided in Corollary \l-4\ ( or equivalently, the one provided in Theorem on the 

isoperimetric profile of (M n ,g,p) satisfying the CDD(p,n + q, D) condition, are sharp, 
in the sense that they cannot be pointwise improved. 

We conclude that with the exception of Cases 2 and 6 above, there is no single model 
space to compare to, and that a simultaneous comparison to a natural one parameter 
family of model spaces is required, nevertheless yielding a sharp comparison result. 

Note that Theorem 11.51 would hold trivially if the requirement that the bounds are 
sharp for any n>2 were omitted from its formulation, and if we extend our definitions 
to include the case of one-dimensional manifolds-with-density: 

Definition. The one- dimensional space | • |, p) is said to satisfy the CDD(p, l + q,D) 
condition, if there exists an open interval f2 C (M, | • |) of length at most D, whose closure 
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supports a probability measure p = *S>(x)dx with ^ > in Q, and log('I') £ C 2 (ft), so 
that: 

-(log *)" - i((log vl/)') 2 = -q^jf > P inti 

(with the usual interpretation when q = or q = oo). 

By construction, all of our one-dimensional model spaces in Theorem 11.21 (or Corol- 
lary [T3]) satisfy the CDD(p, n + q,D) condition, immediately implying the sharpness in 
the one-dimensional case. We also remark that Theorem 11.21 remains valid for these one- 
dimensional spaces, see Corollary 13.21 To prove the sharpness in the higher-dimensional 
case, we emulate our one-dimensional model densities on a geodesically convex domain 
of an n-dimensional manifold, by thickening arbitrarily slightly in n — 1 dimensions. 
When p = or q = oo this is very easy to accomplish simply by considering Eu- 
clidean space, and so for instance the model spaces for Case 3 are truncated cones 
{(xi,y) eRx W n ~ 1 ;xi G [£o>£o + D e ], \y\ < ex\] (£q > 0) endowed with a density pro- 
portional to x\ , and for Case 5 these are rectangles of the form [£o, £,o+D £ ] x [0, e\ n ~ l (£o £ 
K) endowed with a density proportional to exp(— £|x| 2 ) (or more precisely, smoothed ver- 
sions thereof). However, to establish the sharpness when p ^ and q < oo, we already 
need to construct a family of rotationally-invariant manifolds endowed with appropriate 
metrics and densities, and this poses a much greater technical challenge, in part due 
to the required geodesic convexity of U; in fact, the hardest case turns out to be the 
two-dimensional one. 

Remark 1.6. Note that in the one-dimensional case we do not require that > nor 
log(vl') G C 2 on the entire $7, as we did for technical reasons in the higher-dimensional 
case. To dispose of this and some of our other technical assumptions, we present an 
appropriate approximation argument in Section [6l 

Remark 1.7. It follows directly from the definitions that CDD(pi,n + qi,Di) =>• 
CDD(p 2 ,n + q2,D 2 ) if P2 < Pi, <?2 > <?i and D 2 > D\. 

I. 3 Method 

Our method is entirely geometric, following the approach set forth by Gromov in [31] . 
We heavily rely on results from Geometric Measure Theory asserting the regularity of 
isoperimetric minimizers, both in the interior and on the boundary. To estimate the 
measure swept out by the normal map emanating from the regular part of the minimizer 
under the CDD(p, n + q, D) condition, we employ a generalized version of the Heintze- 
Karcher theorem due to V. Bayle [9, Appendix E] and F. Morgan [52]. This reduction 
to the one-dimensional case allows us to obtain the lower bound on the isoperimetric 
profile given by Theorem 11.21 without compromising on its sharpness. 

Remark 1.8. In the Euclidean setting, an alternative approach for deriving Theorem 

II. 21 which however does not extend to the full Riemannian setting (cf. |50j), is by reduc- 
ing to the one-dimensional case treated in Corollary 13.21 using the localization technique 
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of [551 E21 EH] (e.g. as in [151 [IS])- When p / and g < oo, this reduction seems new 
and of independent interest, but we leave this for a separate note. Furthermore, we may 
also argue that in the latter range of values for p and q, the bound given in Theorem 11.21 
will not be sharp in the Euclidean setting (as opposed to the cases p = or q = oo where 
we could construct our model spaces in Euclidean space), so the Riemannian setting is 
really the right one for studying the CDD condition. 

Applications of these results will be developed in a subsequent work. These include 
analysis of the asymptotic behaviour of the lower bounds given by Corollary 11.41 as a 
function of the parameters p, n + q, D and v, and a derivation of corresponding Sobolev 
inequalities on spaces satisfying the CDD(p,n + q, D) condition, improving in many 
cases the best known bounds. 

The rest of this work is organized as follows. In Section[2]we describe the ingredients 
from Riemannian Geometry and Geometric Measure Theory we require for the proof. 
Theorem 11.21 and some generalizations are proved in Section [3l Corollary 11.41 is deduced 
in Section [H where we identify the corresponding families of model densities. Theorem 
11.51 regarding the sharpness of our results is proved in Section [5j An extension of the 
Curvature-Dimension-Condition is described in Section [6j Several useful properties of 
our model densities are collected in the Appendix. 

Acknowledgements. I would like to thank Frank Morgan for his interest, suggestions 
and encouragement, and for patiently answering my questions. I also thank Shahar 
Mendelson for his comments regarding this work. 

2 Geometric Preliminaries 

2.1 Generalized Heintze— Karcher Theorem 

The first ingredient we will need is a generalization of the Heintze-Karcher theorem 
(|38j,|28, Theorem 4.21]), which is a classical volume comparison theorem in Riemannian 
Geometry when there is no density present. Given a C 2 hypersurface S in (M n ,g) 
oriented by a unit normal vector field v, the classical theorem bounds the volume of the 
one-sided neighborhood of S in terms of the mean-curvature of S and a lower bound 
on RiCg. Recall that the mean- curvature of S at x, denoted Hg(x), is defined as the 
trace of the second fundamental form Ha x ; it is customary to divide the trace by n— 1, 
the dimension of S, but we will refrain from this normalization here. We conform 
to the following non-standard convention for specifying the sign of II g x - the second 
fundamental form of the sphere in Euclidean space with respect to the outward normal 
is positive definite (formally: IIg x (u,v) = g(S7 u v,v) for u,v G T X S, where V is the 
covariant derivative). In the case that (M,g) is equipped with a measure p = ^ ■ vol g 
with log^ G C l {M), we define following V. Bayle [9]: 

Definition. The generalized mean- curvature of S at x G S with respect to the measure 
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(j, and unit normal vector field v, denoted Hg „(x), is defined as: 

H v sjx) :=H%(x) + V ()og9)(x) . 

The following generalization of the classical Heintze-Karcher theorem (the case q = 0) 
to the case of manifolds-with-density is due to V. Bayle [9, Appendix E] when q G (0, oo), 
and to F. Morgan |52| in the case q = oo (the latter may also be obtained by a limiting 
argument in view of Remark II. 1|) : 

Theorem 2.1 (Generalized Heintze-Karcher, Bayle-Morgan) . Let S denote a C 2 ori- 
ented hypersurface in an n- dimensional manifold (M, g) with normal unit vector field v , 
and given r > 0, set: 

Sr := {ex.p x (tu(x));x G S, t G [0, r}} . 
Assume that for some p G R and q G [0, oo]: 

Ricg,y,q > 99 on . 



Then: 



K S r) < I I JH» (x),p,n+q-l(t)dt dvol S ^{x) , 



where vols t u = \P • vols, an d vols denotes the induced Riemannian volume form on S. 

Remark 2.2. It is easy to check (see [91 3.4.6], |52} Proposition 7]) that the first vari- 
ation 5 1 (u) of vols,n(S) by a normal variation of compact support and constant veloc- 
ity u(x) along v, is precisely determined by the generalized mean-curvature: 5 (u) = 
JgHg (x)u(x)dvols,ij,(x). This extends the classical fact from Riemannian geometry in 
the case of constant density (e.g. pU Theorem 5.20]). 



2.2 Existence and Regularity of Isoperimetric Minimizers 

The second ingredient we will need is the existence and regularity theory of isoperimetric 
minimizers on manifolds-with-density, provided by Geometric Measure Theory; for an 
extensive introduction to the latter, we refer to [531 [23 [29]. The results we describe 
below are classical in the case that is a domain in Euclidean space with constant 
density, but the adaptations to the manifold-with-density setting are not as well known. 
We therefore sketch the argument where it is possible, and provide references elsewhere. 

An isoperimetric minimizer in (O, d, /i) of given measure v G (0, 1) is a Borel set 
A C f2 with n(A) = v for which the following infimum is attained: 

p + {A) = M{p + (B) ; p(B) = v} ( = Z (n>di „)(«) ) . 

In general, isoperimetric minimizers of given measure need not necessarily exist; however, 
that is not the case in our setup. 
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Indeed, given a complete smooth oriented n-dimensional Riemannian manifold (M, g), 
a domain (open connected set) Cl C M, and a positive density $ on SI so that log ^ £ 
C 1 (0), define the \P -weighted volume of a Borel set A C £7 as: 

V»(i4) := / ^(x)dvol g (x) , 
J A 

and the ^-weighted relative perimeter in Cl as: 

P*(A,n) :=sup|y (d^X + 5 (Vlog*,Z))*(a;)dwZg(a;);5(X,X) < 1 

where 1 is a C 1 smooth vector field over M with compact support contained in S7, 
and div(X) denotes the divergence of X. When = 1, we will simply write V(A) and 
P(A, Cl). It follows immediately by the Gauss-Green Divergence Theorem, that when 
dA fl SI is nice enough (say C 2 ), then: 

P$(A,n)= / <S(x)dvol aA (x) . 
JdAnn 

More generally, as in the constant density case (see [S5J [2D]), it follows from the Gauss- 
Green-De Giorgi-Federer theorem ([251 4.5.6], [531 Chapter 12]) that: 

P 9 (A,Q) = [ ^(x)dn n - l (x) , (2.1) 

where d*A is the reduced boundary of A and 7~L k denotes fc-dimensional Hausdorff mea- 
sure. We refer to [29, 20J for the definition of reduced boundary, and only remark that 
it is defined as the set of points where a unique measure-theoretic normal exists; in 
particular, it contains any point x £ dA for which dA is (say) C 1 smooth in a neigh- 
borhood of x. In addition, as in the case of constant density, it easily follows (e.g. 
[29~1 [TO] ) that Py (A, Cl) is lower-semi-continuous with respect to convergence of sets in 
the L\JiSt) := L} oc {Cl^vol g ) topology, i.e.: 

Ai -4- x i m A Py(A,Cl) < liminf Px 5 ,(A i ,Cl) , 

where Ai — Ki A if for any compact K G Cl : 

lim / \lAi(x) - lA(x)\^(x)dvol g (x) = . 

Assuming in addition that V := f n ^(x)dvol g (x) < oo, it is well known (see e.g. 
|53[ Sections 5.5,9.1], [52]) that there exists a ^-weighted relative perimeter minimizer 
in Cl of any ^-weighted volume v £ (0, V) (the cases v = 0, V are obvious). Indeed, 
let {Aj} denote a sequence of subsets minimizing perimeter of a given volume v, i.e. 
V$(Aj) = v and limj-^oo P# (A, Cl) = inf {P#(Aj, f2); Vqi(A) = v}. By restricting to a 
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sequence of increasing balls exhausting M, employing on each ball the local compactness 
theorem for BV functions (e.g. [291 Theorem 1.19] whose proof carries over to our setup), 
passing to a convergent subsequence in Lj oc (^) and employing a standard diagonalization 
argument, it follows that there exists a set A C Q so that Ai converges to A in Lf oc (ty) 
(see e.g. the proof of [591 Theorem 2.1] for more details). Using that V < oo, it follows 
that the convergence is in fact in L 1 ^) globally, hence V$(A) = v, and the lower-semi- 
continuity of perimeter concludes the standard claim. 

Now assume V = 1 and denote \i = \& • vol g . For a general Borel set A C fi, it is 
known that fi + (A) > Pi D (A,n) (see the proofs of [20, Theorem 14.2.1] or [22, Theorem 
III. 4.1] which carry over to our setup), but in general the reverse inequality may be 
false. However, for a set A minimizing ^-weighted perimeter in f2, we will see below that 
equality does hold, and so A must also minimize Minkowski's notion /i + of boundary 
measure, yielding the existence of isoperimetric minimizers of any given measure v E 
(0, 1). We conclude that ultimately it does not matter with which definition of boundary 
measure one works with, and our choice of using Minkowski's exterior boundary measure 
is only a matter of expositional convenience (along with some convenient approximation 
properties as in Section [6]). 

We now turn to describe the known regularity results for the boundary of an isoperi- 
metric minimizer dA D fi. In the Euclidean setting, the following regularity results are 
a consequence of [Ml ISSl [221 GEH El] (see also [291 [53] ) ; the extension to the Riemannian 
setting follows easily from the methods of Federer [25j 5.3.19] (cf. [53j 8.5] and [63]) or 
Almgren [1] (whose approach was elucidated by Bombieri [17] and Morgan |51j); the ex- 
tension to the manifold- with-density setting is due to Morgan [511 Remark 3.10] (see also 
[9] and |53[ Chapter 18]). All of the results we require are summarized in the following: 

Theorem 2.3 (Almgren, De Giorgi, Federer, Giusti, Gonzales-Massari-Tamanini, Griiter, 
Morgan). Let (M, g) denote a complete smooth oriented n-dimensional Riemannian man- 
ifold, let Q C M denote a domain with (possibly empty) C 2 boundary, and let \i denote 
a probability measure supported on f2 so that fj, = \P ■ vol g \n, with $ > on Q and 
log* € C k (Tl), for some k > 2. Then for any v G (0, 1), there exists a Borel * -weighted 
relative perimeter minimizer A C £1 of ^-weighted volume v. The interior boundary 
diA := dA n O, can be written as a disjoint union of a relatively open regular part d r A 
and a closed set of singularities d s A, with the following properties: 

• d r AnQ is a C k '-smooth, embedded hypersurface with outward unit normal v{x) and 
constant generalized mean-curvature: 

Vxed r Ann H% rAnn ^x) =: H^A) . 

• If x *E d r A n dQ, then in a neighborhood of x, d r A is a C 1 -smooth, embedded 
hypersurface with boundary contained in dfl. In this neighborhood d r A meets d£l 
orthogonally. 

• d s A is a closed set of Hausdorff dimension at most n-8. 



11 



Remark 2.4. It is known that the constant 8 above is sharp [18j EH]). Note that 
changing a set by zero ^""-measure does not change its perimeter, and so the regularity 
results above ensure that we may replace A by the open set A \ d{A without changing 
its ^-volume and ^-perimeter; we will subsequently always assume that our minimizer 
is an open set. The fact that the generalized mean-curvature is constant on d r A n 0, 
follows immediately by a Lagrange multiplier argument and Remark 12.21 since otherwise 
we could deform d r A n f2 so that in the first order ^-weighted volume is preserved 
whereas ^-weighted perimeter is decreased, contradicting the minimality of A (see e.g. 
Proposition 3.4.11] or [49, Section 2]). 

The following consequence is elementary (cf. j9j pp. 32-33 and Appendix A]): 

Corollary 2.5. With the same assumptions and notation as in Theorem \2. 31 we have: 

H + (A) = P t (i,fi) = f ^(x)dvol drA {x) . 

Consequently, A is an isoperimetric minimizer of fi-measure v. 

Proof sketch. We will sketch the proof when f2 is compact, otherwise we may exhaust ft 
by compact sets and use the fact the total measure is finite. It follows in the compact 
case that when e > is small enough: 

fi((d r A) e \A) < /x(A e )-/x(A) _ fi((djA) £ \ A) < fi((d r A) £ \ A) | f,((d s A) £ \A) 

£ ~ £ £ ~ £ £ 

For the regular part of the boundary, it is elementary (see e.g. ['221 Remark III. 2. 3] or 
pp. 32-33]) to verify that: 

hm ^ u ; N — - = hm — — - = / ^(x)dvolg A (x) < R$(A, Q) , 

e e JdrAnn 

where the last inequality follows from ([2. 1 j) . Since always ^ + {A) > P\n(A, Q), we will 
obtain an equality if we show that: 

lim K(d s A) £ \A) nm y((d s A) £ \ d s A) = Q 

e^O £ e^>-0 £ 

(note that the last inequality follows since fi(diA) = thanks to the regularity of A). But 
the latter requirement is an immediate consequence of the low Hausdorff dimension of 
d s A and the boundedness of \P and the geometry of M on compact sets. This concludes 
the proof. □ 



2.3 Oriented Tangent Cones 

Furthermore, we will require the following information on the existence and minimization 
properties of oriented tangent cones to A. In addition to the already mentioned references 
above, we refer to [361 [37] for further information on properties of oriented tangent cones 
at the boundary of f2. Here and elsewhere, we equip T X M with its natural Euclidean 
metric g x , and denote by B n and S 1 ™ -1 the open unit ball and sphere in T X M, respectively. 
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Definition. We say that C + C T X M is an oriented tangent cone to an n- dimensional 
Borel set ScM at x G M , if the following conditions are satisfied: 

• C + C T X M is an oriented cone, i.e. tC + = C + for all t > 0. 

• Given e > smaller than the injectivity radius at x, define B := exp~ 1 (B x (e)(lT,) C 
T X M , where B x {e) is a geodesic ball of radius e centered at x. There exists a 
sequence {t^} of positive reals tending to 0, so that ^B/t k tends to 1^+ in Lj oc (T x M). 

Definition. For a point x E we denote by T X Q C T X M the open oriented tangent 
cone to Q. In other words: 



T X M xeQ 
{v E T X M; g x (v, n x ) > 0} xG^fi 



where n x denotes the inward pointing unit normal vector to <9f2 at x. 

Definition. Given an oriented cone C + C T X M , we define its boundary relative to as 
8qC + := dC + n T X Q. The latter's density is defined as: 

H n - 1 (dnC+ n B n ) 



" ^(BnTjOnB") ' 

where E C T X M is any hyperplane through the origin orthogonal to dT x £l. 

Theorem 2.6 (De Giorgi, Federer, Giusti, Gonzales-Massari-Tamanini, Griiter, Mor- 
gan). With the same assumptions and notation as in Theorem \2.3[ 



• At every point x £ diA, A has a closed oriented tangent cone C x C T X M . 

• OqC x is an n — 1 dimensional rectifiable set with 1 < Q{d^C x ) < oo. 

• C x is perimeter-minimizing in T x £l: for any bounded open S C T x Vt and Borel 
competitor E C T X Q so that C X AE n T X VL C S, P(E, S) > P(C+, S). 

Remark 2.7. The regular part d r A of the boundary diA is precisely characterized as 
the collection of those points x G d^A for which d^C x is a hyperplane (x G $7) or half 
hyperplane (x £ d£l). 

Remark 2.8. In some of the above mentioned references, the results above are demon- 
strated for the oriented tangent cone of the (locally) integral current associated to A, 
which is by itself a (locally) integral current. However, it is known (e.g. [53} p. 110]) that 
the support of the boundary of such a current and the reduced boundary of its support 
coincide up to zero % n-1 -measure, so ultimately it does not matter which definition of 
tangent cone one uses. 
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2.4 Any closest point on a minimizer's boundary is regular 

We are now ready to state the following crucial proposition which extends a fundamental 
observation of Gromov [31j . who addressed the case when the density is constant and 
has no boundary. Recall that a set il C (M, g) is called geodesically convex if between 
any two points x, y £ f2 there exists a distance minimizing geodesic (not necessarily 
unique) which lies entirely in Q. 

Proposition 2.9. Assume in addition to the assumptions of Theorem \2.3\ that £1 is 
geodesically convex. Proceeding with the same notation as in that theorem, let A denote 
an isoperimetric minimizer. Then for any p £ Q \ diA, any closest point to p in d^A 
must lie in d r A n 0. 

In other words, the claim is that the outward pointing normal rays (with respect to 
A) emanating from d r AC)$l sweep out the entire fi\.A, and similarly the open A is swept 
out by the inward pointing normal rays. For the proof, we require the following lemma, 
which is an easy corollary of the tangent cones' minimizing properties. Since we could 
not find a reference (at least for the second part), we include a proof for completeness: 

Lemma 2.10. With the same assumptions and notation as in Theorem \2.3l let 
denote a closed oriented tangent cone to A at x £ d^A, and let p x denote the center of 
gravity of <9qC+, defined as: 

p x -.= [ edu n -\e) . 

JdnC+nB" 

• If x £ SI then p x = 0. 

• If x £ d£l then p x is a positive multiple of n x , the inward unit normal vector to d£l 
at x. 

Proof Denote for short C + = C+ and C = d n C+ , and set B + := C + n S n - 1 and 
B :=Cn S™- 1 . it is known that B+ and B are n — 1 and n — 2 dimensional rectifiable 
closed sets, respectively. Denote by B* C B the part in B of the reduced boundary of 
B + in S n , having a well-defined outward normal to B + at every 9 G B*, which we 
denote by n S n-i B (6) £ TqS™' 1 . Denote by the oriented cone over B with vertex 
v £ B n , and set K v = K%° n i.e. K v = U beB [v,b]. Similarly, denote by K+ the 
oriented cone in B n over B + with vertex v. We claim that for v £ B n : 

U n -\K V ) = J— [ - (v, 9)Y + (v, n sn -^ B (9)fdn n -\e) . (2.2) 

n - 1 J B * v 

Indeed, by the Gauss-Green-De Giorgi-Federer theorem ([25, 4.5.6], [53, Chapter 12]), 
we have: 

U n -\K V ) = — !— / div(w-v)dH n -\w) = [ (9-v,n Kv , B (0))dH n ~ 2 (9) , 

n- i J Kv n- 1 J B * 
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where B* denotes the reduced boundary of K v inside K^°, and riK v ,B(9) denotes the 
outward normal to K v at 9 G B* in the cone K%°. It is easy to see that B* = B* and that 
given 9 G B* and denoting E = span {n S n-i tB (9),9}, that riK v ,B(6) = Pe{9-v)/\Pe{9- 
v)\ (where Pe denotes orthogonal projection onto E). Therefore \{riK v ,B{9), 6 — v}\ = 
\P v (9-v)\, and as P v {9 - v) = 9 - (v , 9) 9 - (v, n S n-i jB (0)) n B (6), <^ follows. 

Differentiating (12.2p in v, one verifies that the first variation of v \— > 'H n ~ 1 (K v ) in the 
direction of £ G T X M at v = (we identify T T X M with T X M) is: 



(the last equality follows since H n 2 {B \ B*) = by the classical regularity results for 
area-minimizing sets of finite perimeter). 

When x G ft, note that P(K+, B n ) = W 1 ' 1 ^) for all v G B n and that K+ = C+. 
Since C + is perimeter minimizing among all competitors in 2B n , it follows that the first 
variation must be for all £ G T X M, and so the center of gravity must be at the origin. 

When x G dtt, note that P(K+,B n n T x n) = W' 1 ^) for all v G B n n ST^O and 
that = C + . It follows as above that the first variation must be for all £ G dT x Q, 
and so the center of gravity must lie on the ray spanned by n x . Moreover, since the 
density of C is positive, this must be a strictly positive multiple. This concludes the 
proof. □ 

Proof of Proposition ffTPl Given a minimizer A and a point p G O \ SjA, let x G <9,A 
denote a closest point to p. We first claim that x ^ <9f2. Arguing in the contrapositive, 
let n x G T X M denote the inward normal to DO, at x G dQ. Since Q is geodesically convex 
then so is ft (this easily follows from the Arzela-Ascoli theorem, see e.g. the proof 
of |544 Proposition 2.5.3]). It follows that there exists a distance minimizing geodesic 
[0, a] G t i— > 7(t) = exp x (tv) between x and p which lies inside Q (e.g. for some v G T X M 
with \v\ = 1). Clearly g x (v, n x ) > 0, since otherwise 7(t) ^ f2 for t G (0, e) for some small 
e > 0. If g x (v,n x ) = this means that the geodesic is tangent to <9Q, and since they 
are both closed sets, defining to = inf {t > 0; 7(i) ^ dfl}, it follows that x$ = 7(^0) £ 
and that 7 is still tangent to dQ at xo- By a result of Bishop [12] . the geodesic convexity 
of a domain with C 2 smooth boundary implies that geodesies tangent to the boundary 
must be locally outside the domain, and so for some small enough e > 0, {7(t)} 4e ( t() to _|_ £ i 
must be outside O, outside d£l, and inside a contradiction. It remains to exclude the 
case that g x (v,n x ) > 0. Note that C {y G T X M; g x (y,v) < 0}, where denotes a 
closed oriented tangent cone to 4 at s, since otherwise we could shorten the distance 
from p to A by the first variation of distance formula. Consequently, if g x (v,n x ) > 0, it 
would be impossible for the center of gravity of OqC^ to be a strictly positive multiple 
of n x , obtaining a contradiction to Lemma 12.101 

We have shown that x G dA(~)£l, and it remains to show that x G d r Af]Q. Employing 
the same notation as before, it still holds that C {y G T X M; g x (y,v) < 0}. Since in 
addition we know by Lemma 12.101 that the center of gravity of dC x must be at the 
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origin, it necessarily follows that dC x = {y G T X M; g x (y,v) = 0}. But by Remark 12.71 
this precisely characterizes regular boundary points, and the assertion now follows. □ 

2.5 Main Tool 

Combining all the information contained in this section, we derive our main tool in this 
work: 

Theorem 2.11. Let (M n ,g,fi) satisfy the CDD(p,n + q, D) condition with p G E, q G 
[0, oo] and D G (0, +oo]. Given v G (0, 1), let A denote an open isoperimetric minimizer 
with p(A) = v. Denote by H^(A) the constant generalized curvature of d r AC\Vt. Then 
there exist r A , r A c > with r A + r A c < D so that: 

rr A c 

l-v = p(n\A) < p + (A) JH,(A), P ,n +g -l(t)dt , 

Jo 

rrA 

V = p(A) < fi + (A) J-HJA),p,n+q-l(t)dt . 

JO 

Proof. Denote A c := Q \ A, and set: 

r A ■= sup {d(x, dAt~)Q);x <E A} , r A c ■= sup {d(y, dA n £l);y G A c } . 

Since between any x G A and y G A c there exists a distance minimizing geodesic con- 
tained in 0, (by convexity of f2), it must intersect dA n £1. Consequently, we obviously 
have r A + ^A c < D, where recall D is an upper bound on the diameter of £1. 

Applying Proposition ^. 9\ we are ensured that the outward pointing normal rays (with 
respect to A) emanating from d r A n and extending to a distance of r A c will sweep 
out the entire A c , and that similarly, the inward pointing normal rays extending to a 
distance of r A will sweep out the entire A. Applying the Generalized Heintze-Karcher 
Theorem 12.11 to the hypersurface d r A n £1, and noting that the resulting Jacobian term 
is constant along it, the assertions immediately follows (taking into account Corollary 
I23j). 

Before concluding, we remark that as usual, p(A c ) = fj,(p,\A) thanks to the regularity 
of diA, and that the difference between using outward and inward normal rays amounts 
to changing the sign of H^(A) in the Jacobian term. □ 

3 An Isoperimetric Inequality 

In this section, we provide a proof of Theorem 11.2} first for n > 2, and subsequently for 
the elementary case n = 1. 

Proof of Theorem We may clearly assume that D < oo or that p > 0, otherwise 
there is nothing to prove. 
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Let v G (0, 1), and let A C denote an open isoperimetric minimizer for (M,g,fi) 
with = v. Theorem 12.111 states that there exist r^rpf > with r A + r A c < D so 
that: 

v 1 — v \ 



M (A) > max 



J rA J-u^A^dt' Jq AC J H ^ A ){t)dt 



where we denote for brevity Jh '■= JH,p,n+q-l- Noting that J_#(i) = </ff(i), it follows 
in particular that: 

X(v) > inf max ( — „ , — „ | . (3.1) 

H m,ae[D-D,D] \f° a J H (t)dt f Q D - a J H (t)dt J 

Note that the first (second) term inside the maximum on the right-hand side above 
is continuously monotone non-increasing from oo (non-decreasing to oo) in a 6 [0, D\. 
Consequently, if D < oo, then given any H G R, the infimum over a 6 [0,1?] of this 
maximum is attained at a point an,v when both terms are equal, i.e. precisely when: 

Denoting by /j,h,v the probability measure on [— aH,v>D — aH,v] having density propor- 
tional to Jff(t), note that fJ,H,v([~ «h>, 0]) = i> and that Mj^Q - a #,?;> 0]) = 1/ J^ aH H ' v Jti(t)dt 
as Jh{0) = 1. Consequently, we deduce from (|3.ip and (|3.2p that: 

> inf u+ ( [-a^,0]) > mf l\j H (t),[-a HtV ,D - a HtV ])(v) , 



and in particular: 



l(v) > inf T b (J^(t),[-a,D-a])(i;) 

-ffeK,ae[0,D] 



When D = oo (so necessarily p > 0), one verifies that the second (first) term inside the 
maximum in (|3.ip varies monotonically from to oo (oo to 0) as H varies from — oo to 
oo, and so the infimum over H E R of this maximum is again attained at the unique 
point H v when both terms are equal: 



lL J H,(t)dt f °°J Hv (t)dt 



1 



J Hv (t)dt 



(note that these expressions are finite since p > 0). The rest of the argument is identical 
to the one already described above, thereby concluding the proof. 

Note that fixing a (such that a > and D — a > 0) and varying H also does the job 
when D < oo, but we preferred to fix H and vary a in this casG ; as this may be more 
intuitive. □ 
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Remark 3.1. It follows from the proof of Theorem 11.21 that given v E (0,1), we need 
only to take an infimum over H or a in (jl.3p . and that the other parameter (a or H) 
is actually determined by the former one together with v, so it seems as though we are 
being wasteful here. However, as we shall see in Corollary 13.31 below, we actually do 
not lose here at all (if we did, our bounds could not be sharp, as claimed in Theorem 
ll.5p . The infimum over the second parameter serves both an aesthetic purpose, as well 
as enabling us to identify more easily the different model spaces in the proof of Corollary 
11.41 where thanks to algebraic properties of the function Jff(i), the infimum over both 
parameters simplifies to an infimum over a single equivalent one. 

Corollary 3.2. Theorem \l.$\ also holds in the one- dimensional case, i.e. for any space 
(R, | • \,fj,) which satisfies the CDD(p, 1 + q, D) condition. 

Proof. Given v E (0,1), it still holds that there exists an open minimizer A C M. with 
n(A) = v and p + (A) = T(v) < oo. We may clearly assume without loss of generality 
that f2 \ A does not have isolated points, since those will not influence fJ>(A) nor /i + (A). 
In that case, denoting d r A := dA n O, it follows easily that fi + (A) = ^2 x£ g a ^( x )> an d 
that for all x E d r A, z/(x)(log ^)'(x) = H^(A) is constant, where u(x) is equal to +1 
(—1) if x is a right (left) boundary point. The point here is that Theorem 12.111 remains 
valid in the following form: 

M (A0 - »(A) < fi + (A) I J HMUA {t)dt ; (3.3) 

J o 

in fact, the proof of Theorem 12.11 ultimately reduces to this one-dimensional case. The 
latter follows from a well-known elementary argument, which we reproduce here for 
completeness when q E (0, oo); the case q = oo follows similarly and the case q = 
is obvious. Indeed, a simple application of the maximum principle ensures that since 
vj/ 1 /? £ C* 2 (f2) satisfies by assumption: 

1,2 + < o on n , 



dx 2 



q 



then for any and t E M so that [x, x + t] C we have (see e.g. [28^ Theorem 4.19] 

or [H]): 

^ 1/ ^ a + *) < h ( t ) , (3.4) 

where h{t) denotes the solution to: 

d 2 o (^ l / q V(x\ 1 

* h+ P h = , h(0) = l, h'(0)= ( — 2U = -(log ¥)'(*) . 

dt z q ^ i /i{x) q 

Since: 

h(t) = c s (t) + fe^M, 5 (t) , 5 = - , 
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we conclude together with (|3.4p that in the above range: 



*{x + t) < *(x)J(i g®y( x ) >Pj ,(i) • 



Combining all of the above, (|3.3j) immediately follows. The rest of the proof of Theorem 
11.21 remains unchanged. □ 

Corollary 3.3. For any p G R, m € [0,oo] ; Z? G (0, +00] and 1; G [0, 1], we /lave: 

inf Z(JH, P ,m, [~a, D - a])(v) (3.5) 

HeR,ae[D-D,D] 

inf I b (J Hl/0im ,[-a,L>-a])(«) (3.6) 

JfeK,ae[D-D,D] 

M^^ J B,P,m, [-an, D - a H ])(v) . (3.7) 

ZZere a// G [-D — Z),Z)] is chosen when D < 00 so that //#,„((— 00, 0]) = v, where ph,v 
denotes the probability measure supported in [—an,D — an] with density proportional to 
JH, P ,m there, i.e.: 

v 



l\„ JH,p,m(t)dt 
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when D = 00, we set an = 00. 



1 " V Jo " 1 " JH,p,m(t)dt 



(3. 



Proof. Note that all of the above expressions are if D = 00 and p < 0, and that 
obviously the assertion holds with the "="'s in (|3.6p and (13.7|) replaced by "<"'s. Ob- 
serve that (|3.7p is precisely the lower bound ensured by the proof of Theorem 11.21 when 
m = n + q — 1; in particular, Corollary 13.21 implies that this is a lower bound on the 
boundary measure of sets having v measure in any one-dimensional space satisfying the 
CDD(p,m + 1,D) condition. Applying this lower bound to all one-dimensional spaces 
(R, |-| ,pn,a) for H G R, a G [D — D,D], where pH,a is the probability measure hav- 
ing density proportional to JH,p,m on the interval [—a, D — a] (note that if D < 00 or 
p > this is always possible), it follows that (|3.5p must also be bounded below by (|3.7p . 
concluding the proof of the equivalence. 

Note that when JH,p,m is log-concave, as mentioned in the Introduction, |13|. Propo- 
sition 2.1] implies that Z(JH,p,m, [— a, D — a}) = 1 -(JH,p,mi [~ a ^D — a}). This is indeed 
the case for all H G R when p > 0, but may fail to be true when p < 0. □ 



4 Families of Model Spaces 

In this section we provide a proof of Corollary 11.41 which identifies the various one 
parameter families of model spaces for the CDD(p,n + q, D) condition, for different 
values of p, q, D. 

We shall first require the following simple: 
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Lemma 4.1. Let f : R — )■ M + denote a log-concave function (meaning that — log/ : 
R — >• RU {+00} is convex). Then given v G (0, 1), £/ie function (a, b) >— > 7?(f, [a, b])(v) is 
non-increasing in b and non- decreasing in a in the domain {a < 1} C M 2 . 

Proof. Note that since t 1— > f(—t) is also log-concave, it is enough to prove the claim just 
for the upper limit b. Translating, we may assume that a = 0. Set F(t) = J* Q * f(s)ds and 
I = f o F^ 1 , and note that by definition: 



l\f, [0, &])(«) =min 



' I(V Jo" f(s)d S ) I((l-V)fif(8)d8) 



so it is enough to prove the claim just for the first term inside the minimum above. 
Assuming that / is smooth on its support (the general case follows by approximation), 
direct differentiation of this term in b reveals that it is enough to show that: 

f( x )<?M Vx>0. 
x 

But note that I"(x) = (log /)"(F -1 (a?)) < 0, and hence I is concave. It follows by 
concavity that: 

, I(x)-I(0) I(x) u 
I (x) < — — < Vx > , 

X x 

as required, completing the proof. □ 



Proof of Corollary \1.4\ First, assume that q < 00. We set m := n + q — 1, recall that 
5 := p/m, and denote: 

0, " 



mv|<5| 

Cases 1 and 2. Assume in addition that p > 0, and observe that: 



sin(a + \J~8t) 
sin(a) 



JH, P ,m(t) = (cos(V5t) +(3sm(V6t) 
where: 

a := cot -1 (0) G (0, vr) . 

It follows immediately that: 

inf l*(J HtPtn+9 - 1 (t),[-a,D-a])= inf J b (sin(a+\/^t)!f +9-1 , [-a, D 

Performing the change of variables £ = a/y/5 + i, it follows that: 

inf X b (J^ in+9 _ 1 (t),[-a JJ D-a])= inf Z b (sin(V^)™ + ^\ [£, £+£)]) 
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Finally, observe that the function t \— > sin(\/#£)+ +9_1 is log-concave, and hence Lemma 
14.11 implies that the worst case on the right-hand side above is when the model density 
has maximal support, so that: 

inf l\j HiPin+q _i(t),[-a,D-a})= inf X\ S in{^5t) n+ ^\ [£,£+D]) 

Hm,ae[D-D,D] ' 5e[0,max(7r/v / 5-£>,0)] 

as asserted in Cases 1 and 2. 

Case 3. Assume in addition that p = and D < oo. The first assertion then follows by 
taking the limit as p — > in Case 1, but this requires justification. We prefer to deduce 
the assertion directly. Indeed, note that: 



JH,0,m(t) 



H ^ rn 
l + —t 

m 



Observe that when H = we obtain the uniform density, and so I^(Jo,o,m(t), [—a, D — 
a))(v) = £ for all v G (0, 1) and a e R. When H ^ 0, we may translate by setting 
s = t + jj, obtaining: 

inf l\j HAm (t),[-a,D-a]) 
HeR\{0},ae[0,D} 



inf X (s+ 



m m 

a, h D — a 

H ' H 



Since s i — )- s!p is log-concave, Lemma 14.11 implies that it is enough to test £ > above. 
Furthermore, an elementary calculation reveals that pointwise: 



lim Z\s m ,[U + D})=Z\l,[Q,D}) 



and so we conclude that: 

r-\> 



inf X (J H0 , n +q-i{t), {-a,D - a]) = inf 1 (s 

H£R,a£[0,D] 5>0 



\>/n+q-l 



as asserted in Case 3. The second assertion follows by direct calculation. 
Case 4. Assume in addition that p < and D < oo, and observe that: 



JH,p,m(t) = ^cosh(\/— 5i) + /3 sinh(V— St) 



where: 



a :- 



'coth" 1 ^) gR \ {0} 
sinh _1 (/3) G R 



Hs^ ) i^i < i 

exp(V— 5mi) /3 = 1 

exp(— \f^Smt) f3 = — 1 

I/?I>1 
1/31 <1 ' 
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It easily follows that: 



inf ?eR X b (sinh(^)+ + ^ 1 , [£,£ + D}) , 
inf X b (JH, P ,n+g-i(t),[-a,D-a]) = min <J inf ?eR X b (exp( % /^(n + g - l)t), [£,£ + £>]) 



HGM,ae[0,D] 



inf €eM r'(coBh(V-*t) B+9 - 1 , [£,£ + £>]) 



Observing that the function t i— > sinh(t) + is log-concave and employing Lemma 14. 1\ 
it follows that the first infimum in the right-hand-side above need only be taken over 
{(, > 0}. By scale invariance of the exponential function, the second infimum need only 
be tested at £ = 0. The assertion of Case 4 follows. 

Assume now that q = co, and recall that: 

JH,p,oo(t) = exp(Ft-|t 2 ) . 

Cases 5 and 6. Assume in addition that p / 0. Performing the change of variables 
s = t — Hf p, it follows that: 

inf X b (JH, p .oo(i), [~a,D - a]) 

H&R,a£[D-D,D] 

inf l\exp(--s 2 ),[-a-H/p,D-a-H/p\) 

finf eeR X b (exp(-f s 2 ),[e,e + J D]) D < oo 
\ X b (exp(-fs 2 ),M) D = oo ' 

and the assertions of Cases 5 and 6 follow. 

Case 7. Assume in addition that p = and D < oo. It follows immediately from the 
invariance of the exponential function under scaling and of X b under reflection that: 

inf l\j HOoo (t),[-a,D-a}) = inf X b (exp(i/t), [0, D}) = inf l\exp(Ht), [0, D]) , 

JfSK,ae[0,D] ' ' HeK iJ>0 

and the first assertion of Case 7 follows. Note that this also follows by taking the limit 
as p — > in Case 5 (after scaling and translating the density to be 1 at the origin) , but 
this is not so transparent and in any case requires justification. The second assertion 
follows by direct calculation. □ 



5 Sharpness 

In this section, we provide a proof of Theorem 11.51 

We would like to show that the bounds provided in Corollary II .41 are pointwise sharp. 
These bounds are all of the form: 

Z(M,g,n)(v) > inf X b (/ cr , L a ){v) W G [0,1] . 
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Fixing a E S and v G (0, 1), we will construct a family indexed by e > of n-dimensional 
manifolds-with-density (M £ ,g £ ,p £ ) satisfying the CDD(p,n + q, D) condition, and find 
Borel test sets A £ C M £ so that p £ {A £ ) = v and lim^o pf (A £ ) < I^(f a , L a )(v). 

First, observe that when p < and D = oo, the right-hand side of (jl.3p is by 
the non-integrability of the stated density, and that this is indeed the best isoperimetric 
inequality one can hope for under the CDD(p,n + q, D) condition. To see this, note 
that by scaling the metric by a factor of A 2 , if (M,g,p) satisfies the CDD(p,n + q,D) 
condition then (M,X 2 g,p) satisfies the CDD(p/X 2 ,n + q,XD) condition. Consequently, 
when p < and D = oo, if (M,g,p) satisfies the CDD(p,n + q,oo) condition then 
so does (M,X 2 g,p) when A > 1. However, it follows from the definition of boundary 
measure that 1(M, X 2 g, p) = jI(M, g, p), and so tending A — > oo, we see that is indeed 
the best possible lower bound on the isoperimetric profile in this case. 

Next, we treat the easy case of q = oo. The well known sharpness of Case 6 follows 
immediately by considering the space (M n ,| • |,7n) and taking the test set A to be a 
half-plane (there is no need to use an approximating sequence here). Let us therefore 
concentrate on Case 5, as Case 7 follows similarly. 

Proof of Sharpness of Case 5. Let £o G K and v S (0, 1). We consider Euclidean space 
(M n , | -|), and given e > 0, set Q e = [Co^o + V^ 2 ~ ( n — ^) £2 \ x [0> £ ] n_ \ having diameter 
D. Note that Q E does not have a smooth boundary, but this can be fixed by taking an 
additional approximation by convex smooth domains with the same bound on their 
diameter (see also Section [6] for more on approximation). Define p £ to be the probability 
measure on Q £ having density proportional to exp(— f |x| 2 ), and note that (R n , | • \,p £ ) 
satisfies the CDD(p, oo, D) condition. Now let A~ = {xi < a~} and Af = {x\ > a + } 
so that p £ (Af) = v, and set A £ to be A~ or Af according to whichever half-plane has 
smaller /^-boundary measure. Clearly the product structure ensures that: 

(p £ ) + (A £ ) = zW-^t 2 ), [£o,£o + VD 2 -(n-l)e 2 ])(v) 

(or only approximately when using the approximation by smooth domains). Taking 
the limit as e goes to 0, it follows that the lower bound of Case 5 cannot be pointwise 
improved. □ 

When p = 0, the case q < oo follows along the same lines: 

Proof of Sharpness of Case 3. Let £o > and v G (0, 1). Consider again Euclidean space 
(M n , | • |), and given e > 0, set Q £ to be the truncated cone: 

{(x\,y) eRx M n_1 ; x\ G + D e ], \y\ < e Xl } , 

where D £ is chosen so that the Q £ has diameter D (obviously lim^o-Ce = D). As 
before, this truncated cone is not smooth at either of its sides, but may be approximated 
by convex smooth domains with the same bound on their diameter (see also Section [6] 
for more on approximation). Denote by p £ the probability measure on £l £ with density 
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proportional to (xi) q , and note that (R™, | • |, fi e ) satisfies the CDD(0,n + q, D) condition. 
Now let A £ be a half-plane of the form {x\ < a} in case v < 1/2 and {x\ > a} otherwise, 
where a is chosen so that p(A £ ) = v. It follows that: 

p + {A £ ) =z\t n+q -\[^ + D £ }){v) 

(or only approximately when using the approximation by smooth domains). Taking 
the limit as e goes to 0, it follows that the lower bound of Case 3 cannot be pointwise 
improved, as asserted. □ 

The other cases when q < oo pose a bigger challenge. We will simultaneously handle 
Cases 1 and 4, Case 2 follows from Case 1 by approximation. 

Proof of Sharpness when q < oo. Assume that q > 0, the case that q = follows either 
by approximation or by an argument which is actually simpler than the one described 
below (at least when n > 3). Let p, H G R, D G (0, oo], a G [D — D,D], and set 
J = JH,p,n+q-i- Given v G (0,1), we would like to construct an orientated manifold 
M endowed with smooth complete Riemannian metrics {g £ } and probability measures 
fi £ , so that each (M,g £ ,p £ ) satisfies the CDD(p,n + q, D) condition (whenever e > 
is small enough) and so that lim £ ^ol(M, g £ , p £ )(v) < l b (J, [— a, b])(v) with a + b = D. 
Since X^J, [— a, b])(v) is continuous in a, b G R and does not change when a and b vary 
outside the support of J, we may assume that J(— a), J{b) > and that a + b < D. 

We construct the n-dimensional manifold M := x S" 1 ' 1 with := [e^e 2 ] D 
T := [—a, b], as described next. Given e > 0, we equip M with the metric g £ given by: 

g £ := dt 2 + g £ (t) 2 g sn -i , g £ (t) := e/ £ (t) . 

Here <?£n-i denotes the standard metric on S 11 ^ 1 , and f £ : — >■ R + is a smooth 
(uniformly bounded in e) function to be determined later. The probability measure 
p £ will be supported on the set T £ x S" 1-1 , where T £ := [—a — oo\(e),b + ^(e)], and 
u>i (e) , Cl>2 (e) > are small constants tending to as e — > to be determined later on. 
Since a + b < D, when e > is small enough, the latter's diameter will clearly be at 
most D. We specify p £ by setting: 

p £ := * e vol ge \ TeXSn -i , ^l /q (t,e) = c £ g £ (t) , for (t,6) G T £ x S"- 1 , 

with c £ > a normalization constant, and g £ : T £ — >■ (0, oo) a smooth function to be 
determined. 

Intuition. Set: 

/ e (t) = cj(e)J {t) , </ £ (t) = J (t) , J (t) := J(t)^ , for t G T , 

where cj(e) is some parameter we need for technical reasons, depending on e and satisfy- 
ing < Cj < cj{e) < Cj < oo. The intuition behind this construction is that when e > 
is small enough, the geometry of (M,g £ ) will contribute (at least) (n— 1)<5 to the general- 
ized Ricci curvature and a factor of Jq~ to the density d//({(s, 6); s < t,6 £ S" 1-1 })/^, 



24 



whereas the measure fx £ will contribute q5 to the former and a factor of $ = Jq to the 
latter, totalling (n — 1 + g)<5 = p and Jy~ 1+q = J, respectively. We will indeed verify 
below that Ric ge ,^ e , q > pg £ on the set f2 := T x 5 n_1 , if n > 3 and e > is small 
enough. What prevents us from setting = W2(e) = and concluding that the 

CDD(p,n + q, D) condition is satisfied on £1, is that the latter will not be geodesically 
convex in general. 

Geodesic Convexity. Indeed, let us first check the second fundamental form of <9f2 C 
(M, g £ ) assuming o;i(e) = w 2 (e) = 0. Given x = (t, 6) £ x S' n_1 , let d t , d dl de n _ t 
denote an orthonormal basis in T X M. An elementary computation verifies that the 
second fundamental form of the submanifold {t} x with respect to the normal dt 

(and our convention for specifying its sign from Section [2]) is given by (log g £ )'(t) times 
the identity on the submanifold's tangent space. Consequently, if Jq(— a) < (J^b) > 0), 
then the left (right) boundary of T x S 11 ^ 1 has non- negative second fundamental form 
with respect to the outer normal, which is known |12j to be equivalent to local geodesic 
convexity near that boundary. Otherwise, if Jq{— a) > (Jq(^) < 0)> we wm choose a 
metric g £ which closes up our manifold near —a (b) into a small smooth cap, so that 
T £ x S n does not have a boundary there; we will refer to these terminal points as 
vertices. 

We therefore set: 

e i. f-°° J'(-a)<0 e 2. = f°c J'(b)>0 

\-a-wi(e) J'(-a)>0 ' C ' \& + a; 2 (e) J'(b) < 

In order to obtain a smooth manifold at the vertex e 1 (e 2 ) in case the bottom possibility 
above occurs, it is well known (e.g. [571 P- 13]) that we need to require that g^ £ k \e % ) = 0, 
for all non-negative integers k, and that ^(e 1 ) = 1 (g' £ (e 2 ) = —1). Consequently, we will 
make sure that: 

/i 2fc )(e l ) = , f' £ {e l ) = l/e (£(e 2 ) = -l/e) . (5.2) 

Furthermore, to ensure that we obtain a smooth density at the vertex e l , we will force 
g £ to be constant near the vertex. 

When {—a} x ({6} x S" 1-1 ) has non- negative second fundamental form (given by 
the top possibility in (15. ID ), we will need to extend the local geodesic convexity near this 
submanifold to a global one. To this end, we simply make sure to extend f £ smoothly 
and monotonically on (— oo, —a] ([6, oo)). Indeed, any continuous path exiting T x S n 
at e.g. (b,9i), will have to return to this set at (6, #2); however, since by construction 
fe(t) > fs(b) if t > b, it follows by projecting onto {b} x 5 n_1 that the path's length will 
certainly not exceed the length of the path s h-> (6,7(5)), where 7 is a geodesic on 
connecting 9\ and # 2 , and so geodesic convexity is established. 

Curvature Calculation. Clearly, our orthonormal basis dt, d$ 1 , . . . , dg n _ 1 diagonalizes 
both Ricg £ and V 2 ^ 1 / 13 . Moreover, since ^ l J q {t,9) = c £ g £ (t) depends on t only, we 
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easily verify that at x = (t,8): 

It is known (e.g. |57} p. 68]) that for rotationally invariant metrics such as g £ , the 
sectional curvature in 2-planes containing dt is given by —g £ (t)/g £ (t), and in 2-planes 
orthogonal to dt by (1 — g' £ (t) 2 )/ g £ (t) 2 . Recalling that: 



2 .T, 1 /? 



RiCg e ^ e)q := Ricg e - q- 



1/9 



and putting everything together, we obtain that: 

Ricg e ^ eiq (dt, d t ) = -(n - 1) 



flit) g'm 
Mt) q g £ (t) ' 



Ricg e ^ e , q {d di ,d di ) 



Qe(t) 



+ (n - 2) 



i-g'M 2 JMgUt) 



+ re 



SS) 

Recall by Remark 11.11 that on [—a, b], Jq satisfies: 

4 + 5 J = , 5:-- 



QS) 2 
l-e 2 f e {t? 
e 2 fe(t) 2 



Qe{t)g e {t) 

mm 

q fe(t)ge(t) 



n + q — 1 

and so on T x S n , it easily follows (see the subsequent calculation) that when n > 3 
and for e > small enough, Ric ge ^ £tq > ((re — 1)6 + q6)g £ = pg £ . 

Gluing Caps. It remains to properly handle the end points —a and b. If e l is not a 
vertex point we simply set U)i{e) = 0. If on both sides we have no vertices then this 
concludes the construction (without taking any limit in e) - this may happen when p < 
and for certain values of H and o, as apparent in Case 3 and some of the subcases of 
Case 4. However, in the presence of a vertex at e 1 , setting Wj(e) = is forbidden since 
this would be in violation of ()5.2|) . rendering the manifold non-smooth at the vertex; and 
even if it were smooth, the density ^ £ would fail to be smooth there. To work around 
this problem, we "glue" arbitrarily small smooth caps to il e and endow them with an 
appropriate density, by appropriately defining f £ and g £ on T \ T e , in a manner ensuring 
that the curvature condition remains valid there, as described next. 

Let us assume for simplicity that we only have one vertex at e 1 and describe the 
construction on [—a — wi(e),6]; the required modifications on [6,6 + ^(e)] i n * ne case 
that e 2 is also a vertex are completely analogous. For some constants < a(e) < (3(e) < 
uj(e) = uJi(e) to be determined and tending to as e — > 0, we set: 

r S m(l(t + u(e))) t€[-u(e)-p(e)] 
te [-/3(e), -a(e)} 
t G [-a(e),0] 
t G [0, 6 + a] 



Mt+a) 



sin(l(t + a;(e))) 

*.(*) 
cj(e)J (t) 



g e (t+a) :-- 



r £ (i) 
Mt) 
Mt) 



t€[-u(e),-p(e)] 
te [-/3(e), -a(e)] 
t e [-a(e),0] 
t e [0, 6 + a] 
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the functions <3? £ and T £ smoothly interpolate between the corresponding functions above 
in a manner described next. Since we assume that J (— a), Jo (a) > 0, we can make sure 
that J (-a)/2 < J (-a - a(e)) < 2J (-a) and J (-a)/2 < J {-a - a(e)) < 2J (-a) if 
e > is small enough. For e > small enough, set: 



Jb(- 



1 



"(e)) " o J o(-« " a(e))(f3{e) - a(e)) > J (-a)/4 =: cf > 



it is easy to see that we may then choose T £ to smoothly interpolate between c £ and 
J (t) so that it satisfies < T' £ < 10J (-a) and \T'£\ < 100J (-a)/(/3(e) - a(e)). Lemma 
15.11 below ensures that setting a(s) = Ce, for some small enough C > 0, <& e may be 
chosen to smoothly interpolate between sin(i(i+aj(e))) and cj(e) Jo(t) for an appropriate 
< c] < cj(e) < (?j < oo, so that < $' e < l/(2e) and < S, and so that 



(vr/4)e < w(e) - a(e) < (ir/2)e. 



It follows that c\ := 



sin(7r/4) < <E> £ < c; 



Setting /3(e) = (cj(e)+a(e))/2, so that w(e)— /3(e) > (ir/8)e, our construction is complete. 
Putting it all together, we obtain for e > small enough: 



Ricg e ^ e ,q(d t ,d t 



> 



n-1 



glOOJ^(-q) 

£7l78 



t G [—a — Lu(e), —a — a(e)] 
(n — 1)5 + q5 = p t G [—a — a(e), 6] 



(5.3) 



-RW^^g^,.^) > < 



1 | n-2 
F + 



n-2 

£ 2 



(5 + (n - 2 
<5 + (n - 2 



g cot(7r/8) 10^(-a) 



llg?( e 2)2 M 2^2 
=-2( c 2)2 M 2 



c/Mf 



t G [—a — w(e) 3 —a — /3(e)] 
f G [—a — /3(e), —a — a(e)] 
t G [—a — a(e), —a] 
f G [-a, 6] 

(5.4) 



where: 



Mi = max Jo(£) , M 2 

te[-o,6] 



max |(logJ)'(i)| 



tE\—a,i 



Consequently, when e tends to 0, the quadratic terms in 1/e appearing in (|5.3|) and 
(|5.4p dominate over the linear ones, and we readily verify that the CDD(p,n + q, D) 
condition holds for small enough e > on the smooth manifold-with-density (M, g £ , p £ ), 
when n > 3. 

Two-Dimensional Case. When n = 2, we slightly modify our construction as follows. 
Identifying S 1 with [— tt, 7r], we first restrict to the set Q' £ := T £ x [— 7r/2, 7r/2]. By the 
symmetry, it is clear since f2 £ is geodesically convex that £ is too. We now modify the 
probability measure fi £ = ty e volg £ \n' , as follows: 

* l J«(t,9) = c £ g £ (t)u £ (t,d) , v E (t,0) = cos(h £ (t)e) , 

for x = (t,0) G T £ x [-vr/2,vr/2]. First, we set: 

/i £ (t) = C h for t G [-a, b] , 
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where Ch > is some small enough constant. To describe h £ on T £ \ T, let us as before 
assume for simplicity that we only have a single vertex on the left, and set: 



h e {t) :-- 



t £ [-a-u)(e),-a- /3(e)] 
Xe(t) te[-a- /3(e),-a - a(e)} , 
C h te[-a- a(e),b] 



where Xe increases smoothly from to Ch in a manner so that Xe(i) < 10C/ l /( ( S(e) — a(e)) 
and \x"(t)\ < 100Ch/03(e) - a(V)) 2 . Note that the resulting ^l /g is smooth thanks to 
the restriction to £l' e and the fact that h £ is in a neighborhood of the vertex. 

Unfortunately, our orthonormal basis dt,de 1 no longer diagonalizes V 2 g ^ l J q , but it 
is still possible to verify that Ric gEt ^ Etq > pg £ when e > is small enough, since this 
amounts to checking that a 2 by 2 matrix is positive-definite. We omit the extremely 
tedious computation, but only remark that the role of v £ is to add "more generalized 
curvature" in the dg 1 direction, a point which we could avoid when n > 3. To summarize, 
the CDD(p,n + q,D) condition holds for small enough e > on (M,g e ,fi e ) as well. 

Verifying Sharpness. Now let A~ = {(t, 6) € M; t < t } and A+ = {(t, 6) € M; t > t } 
so that p £ (Af) = v, and set A £ to be A~ or Af according to whichever set has smaller 
/^-boundary measure. When n > 3, our construction ensures that: 

(fi £ )+(A E ) = X\f e {ty- l g e {tf, [-a - ui(e),b + u 2 (e)])(v) . 

Taking the limit as e — > 0, since cj(e) > Cj > 0, the right-hand side above tends to 
the desired X^(Jq +<1 , [—a,b])(v), and hence it follows that the lower bound given by 
Theorem 11.21 when q < oo cannot be pointwise improved. When n = 2, we obtain: 

(AO + (40 =l\f £ (t)g £ (tyz £ (t),[-a-L Jl (e) J b + u J2 (e)])(v) , 

with z £ (t) := J^^ 2 cos(h £ (t)6) q d6, and since the latter is a constant function on [—a, b], 
the desired sharpness follows similarly by taking the limit as e — > 0. □ 

It remains to establish: 

Lemma 5.1. Let 5 G R, and let J$ denote a smooth function on R satisfying J$(t) + 
5J$(t) = with Js(0), J' s (0) > 0. Then for any e > small enough, there exist u(e) > 
a(e) > tending to as e — > and a smooth function <I> e on R so that: 

• On (-oo, -a(e)], $ £ (i) = sin(i(t + w(e))). 

• On {-a(e),0}: 

- 0<$' £ (t)<i. 

• On [0,oo), * e (t) = cj(e)J s (t), with ± < cj(e)J s {0) < y/2. 
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• a(e) = Ce for some constant C > and (7r/4)e < u(e) — a(e) < (7r/2)e. 

Proof. Let <E>o = &o,e denote a smooth solution on R to the following Sturm-Liouville 
equation: 

$g(t) + A e (t)$o(t) = , * (0) = J S (0) , $' (0) = 4(0) , 

where A £ is a smooth non- increasing function interpolating between the values of 1/e 2 on 
(— oo, —a(e)] and 5 on [0, oo) (assuming that e > is small enough), with a(e) = Ce for 
some constant C > to be determined later. This implies that $o(i) = sin(jt + c 2 ) 
on (— oo, —a(e)] for some constants cj£l and c 2 E [0, 7r]. 
Similarly, let J]/ E 2 denote a smooth solution on R to: 

J'l/At) + ^i/^(0 = o , J 1/e2 (o) = J s (o) , J( /£2 (o) = 4(o) • 

By the maximum principle, it follows that: 

(log J 1/e 2)'(t) > (log $ )'to > (log J*)'(t) Vi E J £ := (-o e> 0] , (5.5) 

where a £ > is defined so that both J\j e i and J$ are positive on J e ; this may be easily 
verified by checking e.g. that J[/ e 2$o ~ Ji/s 2 &b 1S non-increasing on I £ and vanishes at 
the origin. In particular, since all three functions above coincide at the origin, it follows 
that: 

JyAt) < *o(t) < Js{t) Vt E [— a(e), 0] n I £ . (5.6) 

Now Jj/^ = d\sm.(t + d%), and since d£sin(d^) = Jg(0) > and |cot(<^) = 
(log ^/(O) > 0, it immediately follows that for e > small enough: 

de > J 5(°) > » V 2 - C < d 2 £ < vr/2 . 

In particular, we verify that both Ju E * an d Jg are positive on [— a(e),0] for e > small 
enough if C = a(e)/e < (i 2 , which is satisfied if we require that C < 7r/4. 
Using (|5.5|) . we deduce if e > is small enough that: 

< (log J 8 )'(Q)/2 < (log $„)'(*) < i cot(^ + d 2 ) Vt E [-a(e), 0] . (5.7) 

Evaluating this at t = —a(e), since (log $o)'(— a(e)) = icot(c 2 — C), we deduce that: 

tt/2 > c 2 - C > d\ - C > tt/2 - 2C > , (5.8) 
if we require that C < ir/8. Plugging this back into (|5,7p implies that: 

< max (log $o)'(i) < - cot((i 2 - C) < - cot(vr/2 - 2C) , 

te[-a(e),0] e " e 

and so choosing C > so that in addition cot(-7r/2 — 2C) < since <E>o is increasing 
on [-a(e),0] by ([5771) . it follows that: 

^ - 27Te®° {t) ~ 27Te M0) V * & [ ~ a(e) '° ] ' 
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Finally, using (|5.6p at t = —a(e), we obtain for e > small enough (since J' s (0) > 0): 
d\ sin(d2 -C)<c\ sin( C 2 - C) < J (0) . 
By (|5.8p and the fact that > Jo(0), the inequalities above easily imply: 

4|^(o) < 4 < ^j 5 (o) . 

Now setting $ e = $o,eCj(e) with cj(e) = 1/c* and uj(s) = c^e, one verifies that for 
C > small enough, all of the required assertions are satisfied. □ 



6 Generalizing the Curvature-Dimension-Diameter Condi- 
tion 

Before concluding, we slightly generalize the Curvature-Dimension-Diameter condition 
to dispose of some technical assumptions in the original definition. 

Our main motivation for trying to extend the CDD(p,n + q, D) condition is the 
technical requirement that ^ > on the entire O. Allowing for ^ to vanish on dQ is 
actually not unnatural, as witnessed by some of our one-dimensional model densities 
Jj{,p,m, which may vanish outside some interval. As already observed in Remark 11.61 we 
did not require in the one-dimensional case that f > on d£l, since this was not needed 
for the proof of Corollary I3.2L However, our proof for manifolds of arbitrary dimension 
crucially relied on the known regularity theory for isoperimetric minimizers in the interior 
of f2 as well as on its boundary, which as pointed out to us by Frank Morgan, may very 
well fail in the presence of a density vanishing even at a single point, so we cannot treat 
this case directly. Instead, we briefly describe an approximation procedure for handling 
this case, which is also useful for removing some of the other technical assumptions in 
our original definition of the CDD condition. 

Definition (Generalized Curvature-Dimension-Diameter Condition). Let p £ R, q £ 

[0,oo], D G (0, oo]. Assume that p may be approximated in total-variation by measures 
{fi m } with densities uniformly bounded from above, so that (M n ,g,fi m ) satisfies the 
CDD(p m ,n + q m , D m ) condition. A ssume that p m — y p, q m — y q and D m — ^ D, as 
m — > oo. We will then say that (M n ,g,p) satisfies the generalized CDD(p,n + q, D) 
condition. 

Recall that {p m } is said to converge to p in total- variation if: 

d T v{^ m ,^) ■= SUp \p m (A) - p{A)\ ^ m ^oo . 

Ac.a 

Proposition 6.1. Theorem \ Corollary \1.4\ and Corollary \3.& continue to hold for 
any (M,g,p) satisfying the generalized CDD(p,n + q, D) condition. 
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Proof. According to the proof of [481 Lemma 6.6], for any sequence {fi m } of Borel prob- 
ability measures on a common separable metric space (Q,d), which tends to fx in total- 
variation, we have: 




Furthermore, it follows from the proof of [481 Proposition 6.8], that if (M n ,g) is a 
complete smooth oriented connected Riemannian manifold, equipped with a Borel prob- 
ability measure v whose density (with respect to voIm) is bounded above by C, then 
Z(M,g,v) : [0, 1] — > is locally Holder continuous, with the modulus of continuity at 
v G (0, 1) depending solely on v, (M n ,g), n, C, 5 G (0, 1) and an upper bound on the 
quantity: 

R v ,s(v) := mf {R > 0; u(B(x ,R)) >l-6 min(v, 1 - v)} , 

where B(xq, R) denotes the geodesic ball of radius R about a fixed point xq G M. Since 
{Mm} converge to \x in total-variation, then R v ^/2{^m) < Rv,i/a{ij) f° r a given v G (0, 1) 
and m large enough. Together with the fact that the densities of {fi m } are uniformly 
bounded above, it follows that the isoperimetric profiles Z(M, g, fj, m ) are locally (in (0, 1)) 
uniformly (in m) Holder continuous. Consequently, (16. ID translates in our case to: 

I(n,d,v)( v ) ^ limsu P :I (n,d, Atm )(v) G (0, 1) . 

m— >oo 

Applying the lower bound given by Theorem 11.21 it follows that: 

l(n,d,v)( v ) ^ limsup inf X b (J H ,p m ,n+q m -i, [~a, D m - a}) (u) G (0, 1) . 

Note that if D = oo we may set D m = oo (and that if q = oo we may also set q m = oo). 
The fact that the limit and infimum on the right-hand side above may be interchanged 
follows directly from Lemma IA.2I in the Appendix, thereby concluding the proof. □ 

Remark 6.2. Inspecting the proof of [48|, Proposition 6.8], it is possible to extend the 
definition of the generalized CDD condition further, by allowing the densities of fj, m to 
only be locally uniformly bounded from above, but we do not insist on this here. 

Remark 6.3. It is not difficult to show that when (M n ,g,ij>) satisfies a weaker form 
of the CDD(p, n + q,D) condition, where we only require that \& > in O, (and not 
O), that g(^ 1//? - 1) G C 2 (Tl) (interpreted when q = oo as log * G C 2 (Tl)), and that 
Q satisfies either of the following conditions, then (M n ,g,fi) satisfies our generalized 
CDD(p, n + q,D) condition (we omit the details): 

• f2 may be approximated from within by geodesically convex domains £l e with Q e C 
Q, and C 2 smooth boundaries. 

• Q is geodesically convex, has a C 2 smooth boundary, which is in addition assumed 
strongly convex (i.e. its second fundamental form is strictly positive definite at all 
points). 
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Appendix 

In the appendix, we prove some useful properties of the lower bound given by Theorem 
11.21 which are not central to the main results in this work. 

Lemma A.l. For any H G R, the function JH,p,m is pointwise monotone non- decreasing 
in m G [0, oo] and monotone non-increasing in p G R. 

Proof. The claim for m = follows by direct inspection. When m > 0, recall that by 
Remark 11.11 JH, P ,m coincides with the solution J to: 

( Tl/my/ i 
~ m -J^ = " (1 ° g J) " " m ((1 ° g J)/)2 = P ' J(0) = 1 ' J,(0) = H ' 

on the maximal interval (a,H,p,m, &£f pm) containing the origin where this solution exists. 
It follows that if < mi < m,2 < oo and p\ > p2, then on (aH )Pl ,m 1 ,bH, pi ,m 1 )- 

i jl/ma yt i rl/ma y/ 

* * = . 4^k(o) = 1 , (^)'(O) = ^ , < = M . 

H,pi,mi H,p2,m,2 

Consequently, an application of the maximum principle as in the proof of Lemma [5TT] im- 
plies that j]i™* mi < J l H™l m2 on iflH, P1 ,mi,^H,p lt mi) and in particular that (a# )Pl!mi , 6ff, pi , mi ) C 
b H . P2,m 2 )i anci so the assertion follows. □ 

Lemma A. 2. XTie lower bound given by Theorem 1 1.21 namely the function: 
Rx(0,oolx(0,oo)x(0,l) 3 (p,m,D,v) ^ inf X b (Jh pm, \—o,,D — a]) (v) G (0, oo) , 

HeM,ae[D-D,D] 

(A.l) 

is continuous. A similar statement holds if we fix D = oo on t/ie domain (0, oo) x (0, oo] x 
{00} x (0,1). 

Proof. Set F H ,p, m , a (t) = f_ a J H ,p, m {s)ds and i#,p ,m,a — Jn,p,m ° -Pjj p m a' anC ^ n °t6 that 
by definition: 

? n_„lV^ - min f I H,p,m,a( vF H,p,m,a( D ~ Q )) ^,p,m,a((l ~ v)F H ,p,rn,a{ D ~ «)) 

V F H ,p,m,a{ D ~ a ) F H , p , m ,a{D - a) 

Since JH,p,m(s) can only vanish outside some interval, it follows that F^ a is contin- 
uous on [0, F H , P , m ,a (+00)], where i^.p.m.a (+00) = lim t _> +00 F HtP ^ a (t), and we take the 
inverse at the end-points using the natural convention. Consequently, all the functions 
above are continuous in their respective parameters, and so the function: 

(p, m, D, v, H, a) X b (JH, P ,m, [~a, D - a]) (v) 
is continuous on the corresponding domain. 
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Now assume that D < oo and v G (0, 1), and recall that by Corollary 13.31 we know 
that: 

1 



III I I I i i I ! I 1 I I I I I I ' I I I I I ■ 

D-a H 



Hm,aelO,D] Hm HeR f^*» J H>p>m (t)dt 

where an satisfies: 

v _ J_ 0H JH, P ,m(t)dt 

It* 11 JH >f) ,rn(t)dt ' 

Using e.g. that JH, P ,m < Jn,p,oo according to Lemma [A. 11 we estimate: 



/D-a H i r0 

JH, P ,m(t)dt = lim - / J H . 



p,m 



(t)dt 



If , p i, , , 1 , minffl, 0) „ 9 , 1 
< lim - / exu(Ht - -t 2 )dt < lim - exp \L1-Ld 2 — = . 

Similarly, we see that lim^^^oo J D a ^ H JH,p,m(t)dt = 0. Moreover, note that in either 
case, the rate of convergence to is uniform in m G [0, oo] and in p, D, v, as long as p G R 
is bounded below by po, D G (0, oo) is bounded above by Dq, and min(t;, 1 — v) > vq > 0. 
It follows that: 

inf — f; = inf 



Hm jD-a H J Hpm{t)dt HeK po , DQiVO jD-a H ' 

where K = K p0t D 0tVo C 1 is some compact interval depending solely on its parameters. 
Consequently: 

inf l b (J Hpm ,[-a,D-a])(v) = inf l\j Hpm ,[-a H , D - a H ])(v) 

H&R,a&[0,D] HeK 

> inf l b (J Hpm ,[-a,D-a])(v)> inf l b (J Hpm , [-a, D - a])(v) , 
H&K,a£[0,D] Hm,a£[0,D] 

and so we conclude we must have equality signs everywhere. It follows that it is enough 
to test the infimum in (|A.1|) on the compact set K P0t D lhV0 x [0, D}. By compactness, 
the function (p,m,D,v,H,a) h-> I (JH,p,m, [— a ,D — a]) (v) is continuous, uniformly in 
(H, a) G K po> £) 0tVO x [0, D], and so the infimum over this set is continuous in (p, m, D, v) 
in the corresponding domain, as asserted. The case when we fix D = oo is treated 
similarly. □ 

An immediate corollary of the above proof is that (the cases v G {0,1}, m = 0, 
D = oo and p < below hold trivially): 

Corollary A. 3. For any p G R, m G [0, oo], D G (0, oo] and v G [0,1], the infimum in 
the lower bound given by Theorem is attained: 

inf l b (JH,p,m, D - a}) (v) = min l b {JH, P ,m, [~a, D - a}) (v) . 
HGR,aG[D-D,D] HeM.,ae[D-D,D] 
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